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I ABSTRACT 

The purpose of t h i s  memorandum i s  t o  p r e s e n t  an 

a n a l y t i c a l  development of t h e  CMG r o t a t i o n  l a w  g iven  i n  MSFC's 

I n t e r f a c e  Program Requirements Document. T h i s  l a w  w a s  developed 

by MSFC u s i n g  g e o m e t r i c a l  arguments a lone .  The a n a l y t i c a l  

development h e r e  r e v e a l s  t h a t  c e r t a i n  s i m p l i f i c a t i o n s  i n  t h e  

r o t a t i o n  l a w ,  n o t  appa ren t  from t h e  geometry,  are p o s s i b l e .  
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MEMORANDUM FOR F I L E  

INTRODUCTION 

The purpose  of t h e  CMG r o t a t i o n  l a w  is t o  g e n e r a t e  a 
set of commanded gimbal  a n g l e  ra tes  t h a t  

1. produce z e r o  c o n t r o l  t o r q u e  

2. a c t  t o  minimize gimbal a n g l e s .  

T h i s  memorandum assumes i n t i m a t e  knowledge of t h e  
Skylab  CMG system. 

GIMBAL ANGLE RATES FROM RELATIVE ANGULAR VELOCITY 

L e t *  

h .  = u n i t  v e c t o r  p a r a l l e l  t o  s p i n  
-1 

axis of ith CMG 

I t  can b e  shown t h a t  

where 
w .  = a n g u l a r  v e l o c i t y  of ith CMG r e l a t i v e  t o  

t h e  s p a c e c r a f t  -1 

. 
y .  = gimbal  angle  rates t h a t  produce t h e  

component of w .' p e r p e n d i c u l a r  t o  t h e  
ith CMG s p i n  a x i s  

-1 
-1 

*The symbols used  here d i f f e r  from those i n  t h e  I P R D .  These 
d i f f e r e n c e s  are d & i l n e d  i n  Table I and on Pig .1 .  
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PRODUCING ZERO CONTROL TORQUE 

W e  now wish  t o  choose t h e  w .  ' s  so as t o  produce z e r o  
t o t a l  t o rque .  A s  Kennel does,  l e t  us  ro t a t e  CMG p a i r  A (CMGs 1 
and 2 )  abou t  (hl+h2); i . e . ,  l e t  

-1 

I 
.= a ( h  +h ) 21 2 -1 -2 

S i m i l a r l y ,  fo r  CMG pa i r  B l e t  

= b ( h  +h ) 2 2  3 -2 -3 

and fo r  CMG p a i r  C l e t  
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Thus w e  may choose the xi I s  as  fo l lows  t o  produce z e r o  t o t a l  
t o r q u e  

w =  + w = a ( h  +h + c(k3+kl) 
I 
I 

-1 E12 -31 -1 -2 

But s i n c e  

= R  h = R  h = O r  
R1 hl 2 -2 3 -3 - 

w e  can  d e f i n e  t h e  w .  ' s  more simply as 
-1 

-1 w = a h 2 + c h 3  

-3 w = c k l + b k 2  

W e  see t h a t  w e  can choose t h e  three numbers a r b r  
' s  are 

and c 
a r b i t r a r i l y  and produce z e r o  to rque  p rov ided  t h e  w .  

chosen as above. The f a c t  t h a t  t h e  w .  ' s  g i v e n  i n  ( 2 )  produce 
zero t o r q u e  i s  e a s i l y  v e r i f i e d  by s u b s t i t u t i n g  i n t o  t h e  c o n t r o l  
t o r q u e  equa t ion .  

-1 

-1 I 

T = i = H ( w  'L h + w  'L h + :  h )  
e - -  -1 1 -2 -2 -3 -3 ( 3 )  
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W e  can now w r i t e  

CHOICE OF a ,  b,  AND c 

L e t  us  d e f i n e  

where 0 and B are i n n e r  a n d  o u t e r  gimbal a n g l e s  when H=O. 
- -  

F u r t h e r ,  l e t  us  d e f i n e  a performance index  J as  

S i n c e  w e  wish t o  m i n i m i z e  J ,  t h e  s i g n s  of  a ,  b,  and c 
s h o u l d  be  chosen acco rd ing  t o  

' *  

j = a ,b , c  (7 )  s g i r  j = -sgn A 
j '  
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C l e a r l y ,  one s e n s i b l e  c h o i c e  f o r  a ,  b ,  and c i s  

which i s  p r e c i s e l y  t h e  cho ice  r e f l e c t e d  i n  e q u a t i o n s  9.3.3. 
62,63,64 i n  t h e  I P R D .  Another s e n s i b l e  c h o i c e  i s  

j = -K ( X . )  s gn  X j = a ,b ,c  R J max j '  

i s  t h e  maximum al lowed v a l u e  of A where ( A  1 max 
compromise between (8 )  and ( 9 )  i s  

A good j* 

. Kennel ' s  c o n t r o l  law i s  more involved  t h a n  ( 1 0 ) .  H e  
a p p l i e s  bounds t o  t h e  components of t h e  Ri h .  v e c t o r s  i n  ( 6 ) ;  

-1 
i.e., t o  t h e  S ' s  shown on pages 14-16  i n  the I P R D .  Of what 
v a l u e  Kennel ' s  compl i ca t ion  i s ,  i s  n o t  c lear .  

Kennel a lso s p e c i f i e s  a r o t a t i o n  about  t h e  t o t a l  
a n g u l a r  momentum v e c t o r  (eq.  9 .3 .3 .65) ;  i . e . ,  

and h e  l e t s  

d = a + b + c  

I t  i s  d i f f i c u l t  t o  see why t h i s  a d d i t i o n a l  r o t a t i o n  i s  r e q u i r e d .  
I have sugges t ed  t o  Kennel t h a t  h e  d e l e t e  it. 

A t  tachmen t s  
F i g u r e  1 
Table I 
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TABLE I 

NOTATIONAL EQUIVALENCE 

T H I S  MEMORANDUM 

h. 

'i 

i 

-1 

a 

a 

b 

C 

d 

Yi 

Ri . 
y .  = R. w .  
-1 1 -1 I 

R1 hz 

I P R D  - 
ei 

(i) 

RA E 

RB 

RC 

E 

& 

no e q u i v a l e n t  

no e q u i v a l e n t  

Eqs. 9.3.3.16-21 
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R2 F3 
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R1 k3 
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